Recent years have seen the introduction of various multi-field inflationary scenarios, in which the scalar curvature can play a crucial role. We outline a simple description that unifies these different proposals. We demonstrate how the underlying dynamics is governed by critical points and bifurcations that determine the late-time behaviour of the system. This unifies the late-time attractors of hyperinflation, angular, orbital and side-tracked inflation. Interestingly, the case of hyperinflation is shown to be a special case of side-tracked inflation. This equivalence relies on the enhanced isometries of the hyperbolic manifold and we provide the explicit coordinate transformations that map the two models into each other.
I. INTRODUCTION
Inflation, the hypothesis of rapid accelerated expansion in the primordial Universe, provides an elegant solution to the flatness and horizon problem [1, 2] and seeds the primordial Universe with quantum fluctuations whose predictions are in excellent agreement with the latest CMB observations [3] . It is often defined as a period of quasi-De Sitter expansion. As such, it requires the deviation away from the scale invariant De Sitter space-time to be small for a prolonged period of time.
This consists of two conditions. Firstly, the Hubble slow-roll parameter, = − d dN (log H), must be smaller than one to inflate, and much smaller than one to have slow-roll inflation. We will concern ourselves with the implications of the second condition, i.e. for inflation to be prolonged (independently of the requirement that should be small). This can be translated into the requirement that the variation of as a function of e-folds,η = d /dN , should be small. Note that this is usually phrased as η = d dN (log ) =η/ being small, and since inflation has < 1 our condition for prolonged inflation is weaker (and hence more general).
Under the assumption of a two-derivative model consisting of gravity and n scalar fields Φ I , both these quantities can be phrased in geometric terms for the scalar manifold metric G IJ (φ). The Hubble flow parameter can be written as
and is set by the norm of the velocity of the scalar fields with respect to the natural clock during inflation, the number of e-folds N . The latter is related to cosmic time via the Hubble parameter 3H 2 = 1 2 G IJΦ IΦJ + V . Similarly, the variation of the Hubble flow parameter is
in terms of the covariant (or generalised) acceleration. Importantly, the vanishing of the latter is related via the scalar field equation to the slow-roll condition,
where the RHS consists of the Hubble friction and the potential gradient terms. Sustained inflation requires the Hubble flow parameter to be approximately constant. This translates into the (approximate) vanishing of the inner product between the velocity and covariant acceleration of the scalar fields. For a single field, this implies that the acceleration must be very small and that the unique manner to have prolonged singlefield inflation is to impose the slow-roll condition, given by the separate vanishing of the two sides of the scalar field equation (3) . Fast-roll inflation can be achieved by including higher-order terms as in e.g. DBI inflation [4] .
In multi-field inflation, on the other hand, the inner product can be vanishing while both vectors a I and v I are not. This allows one to violate the slowroll, slow-turn condition [5] [6] [7] [8] [9] and still have prolonged inflation. As we will outline, this requires an interplay between gradient terms and (generalised) centrifugal forces acting on the scalars orthogonal to the inflaton. This common feature is shared by numerous recent proposals [10] [11] [12] [13] [14] , with hyperinflation [15, 16] seemingly being of a different nature. However, recent investigations have pointed out similarities between the hyperinflation and sidetracked scenarios [17, 18] in the context of geometrical destabilization [19] [20] [21] [22] . In the following we will go beyond this and demonstrate that these models are actually identical. Note added :
during the completion of this manuscript we were informed about the related preprint [23] that also discusses attractors in multifield inflation.
II. BACKGROUND EVOLUTION
For every background trajectory parametrized by initial conditions one can adapt coordinates to this background. To this end we split up the scalar fields
where σ is defined as the inflationary direction 1 while the orthogonal χ i are (approximately) constant during inflation (see Fig. 1 ) [7, 19, [24] [25] [26] . The velocity of the system therefore points into a specific direction, leading the above to simplify to v I = (v, 0, . . . , 0) ,
evaluated on the particular inflationary solution. In this coordinate system, there is a particularly striking separation of the consequences of prolonged inflation. Along the inflationary (adiabatic) direction σ, this is identical to the single-field case -following the usual equation of motion (after canonical normalisation)σ
without any signs of non-trivial geometry. This implies that the inflationary direction is subject to the usual slow-roll conditions. Turning to the orthogonal direction, the situation is strikingly different. By adapting our coordinates we have defined these as stationary, with a vanishing velocity. Remarkably, they can still have a nonvanishing acceleration, but only in the presence of a non-trivial (parametrization of) geometry. These will introduce a centrifugal force that has to be balanced by a potential gradient: for the stationary directions the field equations (3) read 2
which we will refer to as the effective gradient along the i'th direction in field space. These conditions should be seen as algebraic field equations for the stationary fields χ i , that will adapt their values to balance the centrifugal and potential forces acting on them. Therefore, at a given moment during inflation, i.e. for a particular value of σ, one can view (7) as the gradient of an "effective potential", whose extrema determine the constant values of these fields, akin to moduli stabilisation. Again, when both terms above vanish separately, one has slow-roll slow-turn for all scalar fields, but this is by no means necessary in the multi-field case.
Since the orthogonal velocities are fixed to zero and the stationary fields χ i are given as solutions of Eq. (7), the background trajectory is a function of σ only. Thus, this trajectory is closer to the singlefield case in the sense that predictions will be largely insensitive to initial conditions: the late-time evolution will lie exponentially close to a one-dimensional line in 2n-dimensional phase space. Given the above discussion, such single field attractors can have a non-vanishing turn rate as they can evolve along non-geodesic trajectories in field space.
III. STABILITY
The stability of this balance between potential gradient and non-geodesic motion is determined by the superhorizon mass of the orthogonal scalar field directions. In principle, to determine background stability we need to expand the 2n-dimensional system around an exact background solution 3 . Here, instead, we are concerned with the stability of the orthogonal directions. Specializing to the two-field model for clarity (with expressions for the case with more fields in e.g. [26] ), the superhorizon mass can be found by the expansion of the effective gradient 4 , which at lowest order reads
consisting of the covariant second derivative of the potential projected along the direction perpendicular to the inflaton motion, the curvature term involving the Ricci scalar, and the turn rate ω.
At this point one should distinguish a number of physically different possibilities. For positive masses, the stationary fields have stable background values and hence this solution will function as a dynamical attractor, with the ratio µ 2 /H 2 determining the convergence rate to the attractor. Similarly, for negative masses the background is unstable and hence will be a repeller. Finally, one can have vanishing masses. In this case the stability will depend on higher-order terms in the expansion around the background solution to (7) . In the case when all higher-order terms also vanish, i.e. when the stationary condition is identically satisfied, this solution is neutrally stable.
It was recently pointed out [14] that neutral stability can be achieved using the Hamilton-Jacobi formalism, where the scalar potential is given by
This formalism has an exact first-order solution for the scalar velocities 5 [30] v
3 When expanding around an approximate solution one has to check the growth of error of the approximation which may exceed the stabilizing effect arising from a positive effective mass. 4 One can prove that for exact solutions, the sign of this term is sufficient to prove stability of the full system [27] . 5 This can be seen as the cosmological analogue of the firstorder equation that governs AdS critical points and BPS domain walls [28, 29] .
For the coordinate choice where the Hubble scale only depends on a single coordinate, H = H(σ), one naturally has a distinction between the inflationary and the stationary directions (assuming a block-diagonal metric with G σi = 0). Such trajectories may be (strongly) turning, however, as the Hubble gradient does not necessarily coincide with the potential gradient. The latter can be non-vanishing if the metric along the inflationary direction G σσ depends on the stationary directions, resulting in
which is equivalent to the effective gradient (7) . The latter is therefore identically satisfied, leading to neutrally stable stationary points and hence flat directions. Importantly, this implies that the field space is spanned by adjacent trajectories. One thus has a convergence of the 2n-dimensional phase space of initial conditions to the n-dimensional hypersurface that fixes the scalars' velocity but not their positions.
In the special case of µ 2 = 0, isocurvature modes grow on super-horizon scales at a constant rate. Combined with a constant and large turn-rate, they continuously seed the adiabatic modes outside the horizon, leading to predictions that mimic those of single-field models of inflation [14] .
IV. BIFURCATIONS
The Hamilton-Jacobi construction gives rise to inflationary models with all possible stationary values, corresponding to flat directions. For more general scalar potentials, however, the vanishing of the effective gradient will impose constraints on the possible values. It can have one or a number of solutions; moreover, the number and stability properties of these solutions can change as one varies the inflationary scalar field or the model parameters. We would like to illustrate this by restricting ourselves to two-field systems and using inflationary models from the literature as characteristic examples.
Two-field models of α-attractors [31] on the Poincaré disc, with scalar field metric
can be augmented with a profile along the angular direction θ, e.g. by a quadratic potential with different masses for the two Cartesian directions,
Such models, with a finite potential at the boundary of the Poincare disc, were found to proceed for a prolonged number of e-folds along a single field trajectory with a small turn rate for small and intermediate values of the angular gradients and the field space curvature [32] . As these inflationary trajectories lie on a two-dimensional hypersurface in the four-dimensional phase-space, there is no single-field attractor. This is further verified by the value of µ 2 H 2 , showing a slow approach to the only stable attractors along the valleys of the potential satisfying V ,θ = 0. Remarkably, for intermediate curvatures (L O(1)) the different trajectories give rise to the universal predictions of α-attractors [32] . At stronger curvatures, however, a late-time attractor was found that proceeds predominately along the angular direction [11] . In this parameter range, the adiabatic direction σ is approximately aligned with the angle θ, and is thus amenable to the aforementioned formalism. Indeed one can check that the effective gradient V ,ρ eff will push the solution towards the boundary of the Poincaré disc. For appropriate values of the curvature and the angular gradient, this phase can support an arbitrarily large number of e-folds.
A similar model is sidetracked inflation [13] , which in its original formulation is already perfectly adapted to the coordinate split with all but one coordinates stationary. An example is provided by the following negative curvature metric and quadratic potential (with a similar discussion for other metric and potential choices)
At large σ values, the effective gradient only vanishes at χ = 0; this has inflation proceeding along the gradient and has a vanishing turn rate. However, the super-horizon isocurvature mass of this critical point is µ 2 = m 2 + R, which goes to zero at
This implies that the slow-roll will eventually become a repeller, while simultaneously two additional solutions appear. These are non-SRST solutions with a non-vanishing turn rate given by ω 2 = M 2 χ 2 /(2 H 2 ). It is exactly the latter that provides a stabilizing effect via (8) and turns these into dynamical attractors. Fig. 2 shows the evolution of the effective gradient V ,χ eff and its zeroes as σ evolves. We see that a symmetry breaking pitchfork bifurcation occurs, after which any small deviation from χ = 0, such as quantum effects, will send the system to χ = ±χ * . As long as χ can adapt its value adiabatically as inflation proceeds, this is still (approximately) described by the velocity split (5) .
A second example displaying a similar phenomenon is hyperinflation. This was originally formulated on the Poincaré disc (12) with a spherically symmetric potential [15, 16] 
that grows without bound as one approaches the boundary of the scalar manifold. Remarkably, inflation proceeds either along the radial gradient (for sufficiently shallow potentials) or along a spiralling trajectory (for sufficiently steep potentials). The trajectory undergoes a similarly-looking symmetrybreaking transition at ρ 2/(3L), after which any non-zero angular velocity will send the radial trajectory into a spiralling one. The left panel of Fig. 3 shows a similar pitchfork bifurcation in this case, albeit plotted for different physical quantities.
Remarkably, one can bring both these solutions to proceed along a single direction via the field redefinition
leading to
This maps any spherically symmetric potential V (ρ) onto a fairly complicated form V (σ, χ). This poten- tial provides all the necessary ingredients for realizing sidetracked inflation along σ. One can again construct V ,χ eff , assuming that motion proceeds along σ. We find V ,χ eff = 0 at χ = 0, where both the relevant Christoffel and the potential gradient vanish, signaling a SRST solution. However, it becomes unstable at some critical value of σ, which is a function of the field space curvature parameter L. For smaller values of σ, a picture similar to the one of Fig. 2 emerges, with two solutions being created and flowing away from χ = 0.
Thus the two types of a pitchfork bifurcations of Fig. 2 and 3 are not just similar, but equivalent: analyzing hyperinflation after the coordinate transformation of Eq. 17 makes it a special case of sidetracked inflation. This connects two models that were so far thought to be distinct, thus underlining the unifying nature of our approach. Moreover, it demonstrates that the conservation of angular moment is not essential to the bifurcation in hyperinflation; indeed, non-spherically symmetric potentials V (ρ, θ) can give rise to the same regime [17] .
V. CONCLUSIONS
Aligning our coordinate system with the inflationary trajectory, the orthogonal ones can be seen as moduli fields. In many cases of interest, they are stabilised by their effective potential consisting of potential energy and generalized centrifugal forces due to non-geodesic motion. Moreover, as inflation proceeds, the stabilisation pattern can undergo pitchfork bifurcations, with a stable minimum becoming unstable with the simultaneous appearance of two new stable trajectories. It is worth noting that the total number of stable minus unstable solutions remains constant, as it should for any pitchfork bifur-cation. This structure is reminiscent of the waterfall transition in hybrid inflation [33] .
This presents a unifying perspective on different scenarios of multi-field inflation in curved geometries. While angular inflation has a unique minimum of V eff along the moduli direction, both sidetracked and hyperinflation exhibit dynamical pitchfork bifurcations when formulated in this framework. This instability is therefore intrinsically of the same nature; the conserved charge that is special to hyperinflation is not essential to its occurance. Further than being merely similar, the enhanced isometries of hyperbolic space allow for a coordinate transformation which brings hyperinflation to a form that falls into the broader category of side-tracked inflation.
While we have concerned ourselves mainly with the description of the attractors, it is also interesting to wonder about the approach to the attractor. In the α-attractor set-up with a regular potential at the boundary of moduli space, inflation will (first) proceed along the gradient of the scalar potential, leading to a family of slow-roll slow-turn trajectories. The present formalism is less suitable to describe this phase. For stronger curvatures, however, this phase is followed by angular inflation which can proceed for a large number of e-folds. The onset of the attractor is similar for sidetracked and hyperinflation; for instance, if the former one also has slow-roll slow-turn in the quadratic potential before arriving at the ρ = 0 attractor with the subsequent bifurcation. The present formalism captures in an elegant and universal way how to describe the latter attractor phases along a one-dimensional trajectory in phase space.
An open question that we leave for future research is how the effective potential for the orthogonal directions determines the evolution of fluctuations, and hence predictions of inflation. The present formalism appears to be ideally suited for this analysis due to its decomposition, which carries over to the (adiabatic and isocurvature) fluctuations. It therefore should present a unified perspective on the recent perturbation analyses performed for hyperinflation [15, 16, 18] , sidetracked [13, 34] and orbital inflation [10, 14] . It would be interesting to investigate whether the analogy to hybrid inflation can be extended beyond the background evolution, providing distinct observational signatures [35] [36] [37] for multi-field models exhibiting pitchfork bifurcations during inflation.
